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Abstract 

We show how within the Dijkgraaf-Vafa prescription one can de¬ 
rive superpotentials for matter fields. The ingredients forming the 
non-perturbative Affleck-Dine-Seiberg superpotentials arise from con¬ 
strained matrix integrals, which are equivalent to classical complex 
Wishart random matrices. The mechanism is similar to the way the 
Veneziano-Yankielowicz superpotential arises from the matrix model 
measure. 
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1 Introduction 


An interesting problem of the nonperturbative dynamics of A/" = 1 snpersym- 
metric gauge theories is the study of gaugino condensation. This is described 
by an effective superpotential Weff{S) where S is the glueball superheld 
S = — (l/327r^)tr ITahh" whose lowest component is the gaugino bilinear. 

Recently a completely novel approach was developed for calculating these 
superpotentials for theories with matter helds $ in the adjoint representation 
and an arbitrary tree-level superpotential Wtree{^)- Initially formulated in 
the framework of geometric transitions mi it was subsequently translated 
into a problem in random matrix theory inumni- This generated a lot 
of work p n El El cni cn [121 culminating in a held theoretical proof of 
the perturbative part of the conjecture [T3j. Subsequently these ideas were 
extended to matter helds in the fundamental representation mm where 
Weff{S) was calculated for Nf havors interacting with the adjoint held. In 
the above cases the ehective superpotential is expressed purely as a function 
of 

The object of this note is to show that the ehective superpotentials for 
matter helds can be calculated directly within the same framework in a nat¬ 
ural manner. This is interesting as the Nf-Nc phase diagram of A/" = 1 
supersymmetric U{Nc) gauge theories with fundamental matter has a very 
rich structure. Therefore it would be nice to be able to address these is¬ 
sues also within the Dijkgraaf-Vafa framework. The appropriate constrained 
random matrices relevant in this setting are the so-called (complex) Wishart 
random matrices ( ^3] , for some recent developments see na). 

The plan of this paper is as follows. In section 2 we will briehy recall 
the Dijkgraaf-Vafa prescription for theories with matter helds in both the 
fundamental and adjoint representation. In section 3 we will show how to 
calculate the mesonic superpotential purely in the random matrix framework. 
We hnd that a qualitative diherence in the random matrix setup appears for 
Nc < Nf. We briehy discuss some generic features of Nf = Nc, the full 
solution of which remains, however, an open problem. We close the paper 
with a discussion. 
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2 Dijkgraaf-Vafa proposal with matter fields 


The Dijkgraaf-Vafa proposal was originally formulated just for theories with 
adjoint matter. It has subsequently been realized^ |m IT^ that a natural 
extension of the proposal to theories with matter helds in the fundamental 
representation is 

c fij: _ 

WeffiS) = -N,S log—- 2mToS + (1) 

where the jFj’s are defined through a matrix integral 


e 




D^DQiDQi exp 



Wtree{^,QuQi 


( 2 ) 


Here $ is an V x V matrix, while the QiS are N component vectors. In this 
expression the limit N —>■ oo, f/s —> 0 and QgN = S = const is understood®. In 
f|T|) the the hrst term, being the Veneziano-Yankielowicz effective potential 
CSl, can equivalently be obtained from the prescription Q, through the 
inclusion of the correct volume factor in the measure for the random matrix 
model |lj: 

Vol{U{N)) I 

The volume factor is proportional to k\. When N ^ oo this behaves 

like exp(iiV^ log iV). This factor will then contribute to .^ 2 ( 6 ') through the 
relation 

/V2 1 

-—J^,{S) = -NHogN + ... (4) 

So T 2 ~ —|S'^logS' where we transformed the N into S through S = f/giV. 
The remaining factor of gg is removed by the logarithmic part of the random 
matrix free energy. After differentiation, gives the —N^S log S 

Veneziano-Yankielowicz term. 

/^From prescription o, one obtains the effective superpotential for the 
glueball superheld S only. In the case of fundamental matter fields there are a 
number of other possible gauge invariant and holomorphic polynomials in the 
superhelds like the mesonic helds Xij = QIQj. We would like to show how to 

^Although already in ^ hints about the treatment of fundamental matter appear. 

®In this paper we consider only the case of no gauge symmetry breaking and thus only 
a single S superheld. 
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naturally incorporate these degrees of freedom in the DV framework and how 
to obtain superpotentials for these helds. As a check of the method we will 
recover the standard Affleck-Dine-Seiberg superpotential ^Tj for Nf < Nc 


(N, - N,) 


' jy3Nc 


-N. 


f \ Nc-Nf 


detX 


( 5 ) 


We would like to stay purely within the random matrix framework and thus 
we refrain from performing ‘integrating in’ and other held theoretical proce¬ 
dures. 


3 Superpotential for the mesonic superfields 

First let us note that it is natural to expect that the proposal m should also 
hold for theories with only fundamental matter helds. This can be justihed 
by the argument that one can always integrate out the adjoint held. 

Now we want to express the ehective superpotential in terms of mesonic 
superhelds Wj = QIQj- The prescription that we want to advocate is to per¬ 
form only a partial integration over the Q's in 0 and impose the constraint 
Xij = Q\Qj directly in the matrix integral i.e. 

e-E,(f)"W(s,x)^ y'Dg,D45(W,-Ql4)exp|-^Wt,ee(Q*,4)} (6) 

where we made the substitution Qs = S/N. For Nf < Nc, WtreeiQi,Qi) 
is an arbitrary holomorphic polynomial in X: Vtree{X). Then the ehective 
superpotential is obtained from 

Wcff{S,X) = -NcS\og^^-2mToS + Nc ^^^=f^'^^ +r^=i{S,X) ( 7 ) 

In the above formula the Veneziano-Yankielowicz term is essentially put in by 
hand as required by gauge theory dynamics. A complete understanding of its 
precise origin, in particular in the above situation without the adjoint held, 
remains one of the few missing pieces of the DV proposal. The tree level 
superpotential Vtreei.^) contributes directly to X^=i{S,X). An additional 
contribution to T^=i{S,X) will come from the constrained integral over Nf 
vectors of length N 

A-"NfN J dQ,DQ, 6{X,, - QlQ,) ( 8 ) 
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where the factor was included in order to keep the integration mea¬ 

sure dimensionless. Up to an inessential term exp(—trX) this is just the 
probablity distribution of (complex) Wishart random matrices flj. In fact 
it depends crucially on the relative magnitude of Nj and N (~ Nc). If 
Nf < N the answer is given by® 


A • A-^^f ■ ((detX)/A2^/)^ 


( 9 ) 


where 


A = 


(27r' 


N(N+1) 

2 


n 


N 

j=iV-7Vj-|-l 


{] - 1 )! {mr> 


~ e 


-NfNlogN 


( 10 ) 


For Nf > N the situation changes drastically and a number of constraints 
appear between the elements of X. This case has been solved in HSj. It is 
reassuring that a qualitative change of the behaviour of the relevant matrix 
model occurs when Nf > N^. similarly as for Af = 1 supersymmetric gauge 
theories Hi. 

Performing exactly the same reasoning as for the volume of the random 
matrix measure one gets a contribution to the superpotential Xi = NfS log S. 
Thus the Veneziano-Yankielowicz term gets transformed into 


(JV„-1V^)S(-log |j +a) (11) 

It is convenient to choose the scale A such that a = 1. 

The determinant gives a contribution to the Xi term as —S log det 
so the full superpotential for both S and X is 


W,ff(S,X) 


(K - NfS (-log A + 1) - Slog 


+ Vtree{X) ( 12 ) 


Note that the Intriligator-Leigh-Seiberg linearity principle ra appears nat¬ 
urally within the matrix model formalism, as already pointed out in [7j. In 
the above case this is clear as the tree level potential Vtree{.X) does not af¬ 
fect the Jacobian from the measure (jHI). Solving the F flatness condition 
dWeff{S)/dS = 0 for S' gives 


l°gAi = 


Nr-N 


, /detX' 

log (AiAir, 


( 13 ) 


^See e.g. m for a quick proof and eq (15) in CHI for the numerical coefficient A. 
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Plugging this back into (na) we obtain the Affleck-Dine-Seiberg superpoten¬ 
tial which was generated by the measure (jS)) in addition to the unmodihed 
tree level Vtree(^) 

( A feo \ Nc-Nf 

cGtvj + 

with bo = 3Nc — Nf the coefficient of the 1-loop (3 function. We hnd it quite 
surprising that the rather complicated form of the nonperturbative Affieck- 
Dine-Seiberg superpotential arose just from the large N asymptotics of the 
constrained matrix measure (jH))- 

Let us briefly comment on the case Nf = Nc with Vtree{X) = 0. From 
the general form of 03 we see that the logarithmic term vanishes and S 
appears only linearly as 

Weff = S'log (^‘something’/A’^^ (15) 

thus it generates in a natural way a constraint surface satisfying the equation 
‘something’= On this surface the effective potential vanishes. This is 
the correct qualitative behaviour for Nf = ng. However in order to 
make the above analysis precise one would have to incorporate properly into 
the matrix formalism the new holomorphic gauge invariants which arise for 
Nf > Nc i.e. the baryonic helds (that is why we put ‘something’ in the above 
formula). We leave this very much non-trivial case for further investigation 

EH. 


4 Discussion 

In this short note we have shown how one can recover effective superpotentials 
for matter helds in the fundamental representation directly from the DV 
matrix model framework. The matter helds are represented by vectors (more 
generally rectangular matrices). When passing to gauge invariant variables 
one imposes appropriate constraints on the integration over the matter helds. 
The large Nc asymptotics of the constrained matrix integral reproduces the 
whole nonperturbative Affieck-Dine-Seiberg ehective superpotential. In the 
case of Nf < Nc this is just the classical complex Wishart random matrix 
integral. It would be very interesting to understand this also from the held 
theoretical perspective, especially as it seems to be similar to the way that 
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the Veneziano-Yankielowicz superpotential arises from the measure for the 
(adjoint) matrix model. The latter case is not encompassed by the recent 
held theoretical proof [ 12 ] of the perturbative part of the DV proposal. 

The prescription adopted in this paper is unambigous for Nf < Nc and 
can be easily generalized to other cases like bifundamental matter, SO{Nc) 
gauge groups etc. When Nf = we see that a ‘quantum’ moduli space 
seems to arise naturally but in order to say anything dehnite one should 
still incorporate baryonic helds into the above framework. This is nontrivial 
since the asymptotics of the matrix integrals are extracted at large W and 
the dehnition of the baryonic held becomes ambiguous. We leave this open 
problem for future study. 

Acknowledgments RJ was supported by the EU network on “Discrete Ran¬ 
dom Geometry” and KBN grant 2P03B09622. YD was supported by an 
EC Marie Curie Training site Fellowship at Nordita, under contract number 
HPMT-CT-2000-00010. 

Note added As this paper was being completed ref. | 22 | appeared, where 
related results were obtained using a diherent method — an integrating-in 
procedure for the Dijkgraaf-Vafa superpotential Weff{S). 
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